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THE MODULE STRUCTURE OF THE EQUIVARIANT if-THEORY OF THE BASED LOOP 

GROUP OF SU{2) 

MEGUMI HARADA, LISA C. JEFFREY, AND PAUL SELICK 



Abstract. Let G = SU{2) and let QG denote the space of based loops in SU{2). We explicitly compute 

the iJ(G)-module structure of the topological equivariant .fsT-theory Kq (UG) and in particular show that 

it is a direct product of copies of ^^(pt) = R(G). (We intend to describe in detail the i?(G)-algebra 

(i.e. product) structure of Kq{QG) in a forthcoming companion paper.) Our proof uses the geometric 

in ■ methods for analyzing loop spaces introduced by Pressley and Segal (and further developed by Mitchell). 

t^ However, Pressley and Segal do not explicitly compute equivariant _ftr-theory and we also need further 

■^r , analysis of the spaces involved since we work in the equivariant setting. With this in mind, we have taken 

this opportunity to expand on the original exposition of Pressley-Segal in the hope that in doing so, both 

^^ ■ our results and theirs would be made accessible to a wider audience. 
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lO ■ 1- Introduction 

o: 

f~^ . Let G be a compact connected Lie group. The G-equivariant topological JC-theory Kq{X) of a 

topological G-space X is an object of intrinsic interest, carrying information about X which reflects 
the G-action on X. The space G itself, with G acting by conjugation, and its space of (continuous) 
based loops Q.G with the induced (pointwise) action, are two examples of natural and important 
G-spaces. For Lie groups G, the ordinary and Borel-equivariant cohomology rings H*{G), H*(yiG), 
Hq{G), and Hq^HG) were computed decades ago (with contributions from many people), and these 
results are by now considered classical; the same is true of the computations of the ordinary iiT-theory 
rings K*{G) and K*{nG). However, computing equivariant A'-theory of these spaces proved to be 
more difficult. For instance, K^{G) was only recently computed by Brylinski and Zhang in 2000 JSJ. 
For the remainder of this paper we mainly restrict attention to the special case G = SU{2). The 
chief contribution of this manuscript is a concrete computation of the module structure of Kq{Q,G) 
for the specific case G = SU{2). Here we view K^{ilG) as a module over Kq = K^{Tpt) ^ R{G). For 
the following let flpoiyG denote the subspace of polynomial loops in G, and ftpoiy.rG the subspace of 
polynomial loops of degree < r. (See equation ||2.1| |.) The spaces i}poiy,rG form a filtration of ilpoiyG. 
With this notation in place we may state the main theorem of this manuscript (Theorem 15.51 1, which 
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asserts in particular that KQ{ilG) (respectively K^iflG)) is an inverse limit of free _R(G)-modules 
(respectively i?(r)-modules). 

Theorem 1.1. Let G = SU{2) and let T denote its maximal torus. Let QG denote the space of based loops 
in G, equipped with the pointwise conjugation action of G. The R{G)-module (respectively R{T)-module) 
K^{flG) (respectively K^{flG)) can be described as follows: 

KU^G) - XS(f7p,,,G) - ^1 XS(f^Poiy..G) - |n-o RiG) ifq^ is even, 

KU^G) - KUn^^^yG) - Hm if|,(r!poiy,,.G) - |n-« ^^^^ l*^ '' ']'"' 

^ 10 ij Qis odd 

D 

This theorem should not be surprising to experts for two reasons. Firstly, the computation for the 
non-equivariant case, using an analogous filtration, follows from the work of many other authors: 
for instance, James fTS\ described in 1955 a filtration of spaces of the form OSX, which applies to 
our situation of G = SU{2) since SU{2) ^ S^ '^ S5^, while Pressley and Segal develop a theory 
for general loop groups flG in |22| , which was further developed by Mitchell in [21]). Indeed, the 
technical geometric tools for our argument are G-equivariant analogues of the ideas of Pressley and 
Segal. However, our geometric results are not immediate corollaries of those in |22|, mainly due 
to Theorem 14.71 The non-equivariant analogue of Theorem 14.71 in [22J is a description of a certain 
space as a product of contractible spaces [22, (8.4.4)], while in Theorem 14.71 we instead get a non- 
trivial bundle over P^. This geometric distinction is relevant in our analysis. Secondly, statements 
similar to Theorem [LTj for the (T x S'^)-equivariant /-iT-theory K^^^i {flG) can be deduced by Kac- 
Moody methods (see Kostant-Kumar [16]) or GKM methods (see e.g. Harada-Henriques-Holm [8]). 
However, our G-equivariant result is not an immediate corollary of these torus-equivariant results 
since, for instance, it is not always the case for a G-space X that 

(cf. for example fTT Example 4.8]). For this reason we worked instead with G-equivariant ana- 
logues of the approach in 1 22 1 . (In fact, as it turns out, direct computation confirms the isomorphism 
K^i^G) ^ i^^(^G)^ is satisfied in our case.) 

We now summarize the strategy of our computation in some more detail. Let ilpoiyG and ftpsmG 
denote the subspaces of polynomial and piecewise smooth loops, respectively, in J7G. (Both are de- 
fined more precisely below.) One of our key steps is to prove that there are G-equivariant homotopy 
equivalences 

(1.1) fipolyG ~G f^psmG ~(3 fiG. 

This reduces our computation to that of iirg(51poiyG). Our second essential strategy is to analyze the 
G-filtration of ilpoiyG by the spaces ilpoiy,rG for r G Z>o, consisting of loops of polynomial degree 
< r. More specifically, we prove that the filtration quotients 

(1.2) S2poly,rG/itpoly.r-lG 

are G-homeomorphic to Thom spaces of complex G-vector bundles over P^, implying that its equi- 
variant iiT-theory can be computed via the (equivariant) Thom isomorphism theorem. From this, a 
computation of A'G'(^poiyG) is obtained by induction and taking the inverse limit. In order to achieve 
the results mentioned above, we introduce and use (following [22]) the Grassmannian Gr^(3C), where 
3C is a separable Hilbert space described precisely below. One of the reasons the space Gr^ (3C) is use- 
ful is because there is a subspace Gr^^j^j ^(3C) C Gr^(3<C) which is G-equivariantly homeomorphic to 
^poiy, rG. Thus our proofs proceed by analyzing appropriate subspaces of Gr^ {X), instead of working 
directly with flG. 
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As already mentioned, the broad outline of our analysis follows the well-known work of Pressley 
and Segal [22J. As such, in the current manuscript we have taken this opportunity to significantly 
expand on the exposition in |22[; in doing so, we hope that both our results and those in II22I will be 
made accessible to a broader audience. 

Notation. We standardize some notation and collect well-known facts to be used throughout. 

• The Lie group G is always SU(2) unless otherwise noted. 





T is the maximal torus of G given by 



zeS^ 



• W ^ S2is the Weyl group of G. 

• R{T) is the representation ring of T and similarly R{G) is the representation ring of R{G). 

• ii'T(pt) = R{T) and A"G(pt) ^ R{G). 

• Complex projective space P^ can be G-equivariantly identified with G/T, where G acts on 
G/T by the usual translation. 

2. The Grassmannian Gr^(3C) and its subspaces 

In this section we define a separable Hilbert space OC and its associated Grassmannian Gr^(!X). 
Our discussion follows [22J. The main results are Theorems l2.5l and l2.9[ which provide G-equivariant 
identifications of appropriate subspaces of Gr^ (3C) with the G-spaces 

and Qpo\y, rSU{n), respectively. These identifications allow us, in later sections, to use the language of 
Grassmannians in order to prove results about ftpsmG and ilpoiyG. In this section only, our discussion 
is valid for U{n) and SU{n) for any n > 2. 

First we quickly recall the definitions of the spaces of (based) loops in question. Let H be any Lie 
group. As is standard, we let fiiJ denote the space of continuous based loops in H with basepoint 
the identity in H. We define the piecewise smooth (based) loops from 5*^ to H to be 

^psmH := {/ e QH I / is piecewise smooth}. 

Evidently, QpsmH C QH. Now consider the special case H = U{n). Following f22l, we also define the 
space of polynomial based loops rtpo\yU{n) as the set of maps S^ -^ U{n) which can be expressed 
as Laurent polynomials in z, where z is the parameter on the circle S^. More precisely, for r > we 
define 



(2.1) rjpoiy..C/(n) ■.= {f:S^^ U{n) 



/(I) = l„xn, / = ^ ajz\aj e M{nxn,C) 



where l„xn denotes the identity matrix. Here the aj are constant n x n complex matrices, and f{z) 
is required to be unitary (in particular invertible) for all z G S^. An element in npc,\y,rU{n) may also 
be viewed as an element of ^po\y,r'U{n) for any r' > r. Via these natural inclusions we may define 

oo 

ftpoiyU{n) := y npo\y^rU{n) 

We refer to flpoiyU{n) as the (space of) polynomial (based) loops in U{n). 

Now let :K = L'^{S^) and set X:='K® C". Let z denote the parameter on S^ C C. If we normalize 
the measure on S^ so that f^{S^) = 1, then {z^ \ £ E Z} forms an orthonormal Hilbert space basis 
for 5{. Define 

3{+ := closed subspace of J{ spanned by {z^ | ^ > 0} 
and 

?{_ := M e M+ = closed subspace of 5{ spanned by {z^ \ £ <0}. 
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Let X+ := JC+ ® C" and X^ := 'K^ ® C". We now define the Grassmannian (also called the affine 
Grassmannian) associated to % as 

(2.2) Gr^(3C) := {closed subspaces W oi'X\zW (Z W}. 
For r > 0, we define the following important subspaces of Gr^(3C): 

(2.3) Grgdd,r (3C) := {W G Gr"(3C) | z''X+ dWd z-'^("-i)3C+}. 
We also define the subspaces of bounded weight by 

(2.4) GTUm:^\jGTU,rm- 

r 

For / e fiGL(n), let Mj : X ^ X denote the multiplication operator (Af/(/i))(z) := f{z)h{z) 
where the right hand side is the usual multiplication of the vector h{z) G C" by the matrix f{z) G 
GL(n) We denote by 

Wf := Mf{X+) C X 

the closure of the image of X+ under Mj. Note that since ,f{z is continuous and invertible for z in the 
compact set S^, the operator Mf on X is both bounded and invertible. Moreover, since multiplication 
by f{z) and z commute and because X+ is closed under multiplication by z, we have Wf G Gr^(3C). 
Thus the map 

(2.5) a : n GL{n) -> Gr^(aC), f ^ Wf 

is well-defined. 

The group SU{n) acts on O GL(7i) by pointwise conjugation and on 3C := 5{ (g) C" (and hence also 
on X+) by acting on the second factor. Since the action of SU{n) and multiplication by z commute 
on X, there is also an induced SU {n)-aci\on on Gr^(X). We have the following. 

Lemma 2.1. The map a in l|2.5t ;s SU{n)-equivariant. 

Proof. For g G SU{n), 

«(5 • /(•)) = M,.f^-)i^+) = M,/(.),-.(3C+) = {gfi-)g-'hi-) \ h G X+}. 

Since SU{n) acts on X+ = 3-C+ (g) C" through its second factor only, it follows that gX^ = X+, and 
h{z) G 3C+ if and only if gh{z) G 3C+ for any g G SU{n). Therefore 

{gf{z)g-'h{z) I h{z) G 3C+} - {g/(z)/i(z) | h{z) G 3C+} = gMf{X+) = ga{f{z)) 

as desired. D 

Now let 

(2.6) ttpsm := abp,„c/(n) : ripsmC/(n) ^ Gr''(3C) 
denote the restriction of a to ilps,„[/(n). We also define 

(2.7) Gr^(psm)(3C) := a(f7p,^C/(n)) C Gr^(aC) 

to be the image under a of the piecewise smooth loops in U{n), i.e., the image of apsm- 

Our next major goal, recorded in Theorem l2.51 is to show that the restriction of a to the piecewise 
smooth loops rtpsmU{n) is in fact an equivariant homeomorphism onto its image. We accomplish this 
by defining a map f3 : a{ilpsmGL{n)^ -^ J7ps„iC/(n) which we show to be an equivariant retraction 
to CKpsm- The construction and argument requires several preliminary steps. 

For a closed subspace W of X, let P^ : W ^ X+ and P^ : W ^ X^ denote the orthogonal 
projections onto DC_|_ and 3C_ respectively. Given a bounded linear operator B G B{X), the inclusions 
X± — !■ X and projections X — s> X± give a description of B as a matrix of operators 

R - {^++ ^+- 
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as in ||22J page 80]. In particular (M/)++ is the composite X+ Wf X+. Finally, for a 

Fredholm operator F, let Ind(F) = dim Ker(F) — dim Coker(F) denote the index of F. More generally, 
we define the index of W by Ind(M^) : dim(Ker(P^)) — dim(Coker(PJ^')) for a closed subspace W 
of 3C for which both are finite-dimensional. In the case of a subspace Wf arising from a function / 
whose associated (7\f/)++ is Fredholm, we have Ind(T4^/) = Ind((M/)++) since (A//)|gc+ : 3C+ — > Wf 
is an injection. 

We may now state and prove the following. 

Lemma 2.2. Suppose f e flpsm GL{n). Then (Af/)++ is a Fredholm operator and its index lnd((7\f/)_(_+) 
equals — n times the degree of the homotopy class of the function z h> dct(/(z)) in tti (C \ {0}) = Z. 

Vroof. The fact that (Af/)++ is a Fredholm operator is an immediate corollary of l22l Proposition 

6.3.1]. Although their statement is for the continuously differentiable case, in fact their proof does 

not require more than piecewise continuous differentiability. 

Since the integers are discrete, it follows that Ind {{Mf^j^^) depends only on the homotopy class 

of det f(z). Therefore to verify the formula for the index it suffices to consider the special case where 

( z^ 0\ 
/(z) = I p. ,1 for some integer /c. If /c > we get dim Ker(M/)++ = and dim Cokcr(Af/)-|_+ = nk 

and if fc < we get dimKer(M/)++ = nk and dimCoker(Af/)+_|- = and so the formula holds in 
both cases. D 

Motivated by the above lemma, we wish to focus attention on the subset of GrQ(ps,n) (3C) with 
associated index 0. Specifically, we define the special Grassmannian by 

(2.8) 5Gr^(p„„)(3C) := {W G Gr^(p,,„)(3C) | Ind(l¥) = 0}. 
We also define 

(2.9) ^Gr^(p3^),,(3C) := {W £ 5Gr^(p,„,)(3C) | dimKer(Pf ) = dimCoker(Pf ) < r} 

and 

^Gr^(p,„,),^,(3C) := {W £ 5Gr^(p,„)(3^) | dimKer(Ff ) = dimCoker(Pf ) = r}. 

Lemma F2.6l below explains this terminology: namely, if / takes values in the special linear group 
SL{n), then its image under a is in the special Grassmannian. 
Similarly we define 

(2.10) S GtU^A'^) := GrUaA'^) n S Gr^jp^^,) {%) ^ {W ^ GtU^^,{X) \ Ind(l¥) = 0}. 

This is precisely the subset of the Grassmannian which we can equivariantly identify with the poly- 
nomial loops ripoiy.r-G of degree < r mentioned in the introduction, cf. Theorem l2.9l below. 

With the above results in place we now give an explicit construction of a map (3 which we will 
show is an equivariant inverse to apsm- Suppose W e a{Vtpsn\GL{n)), so M^ = Wf — Mf{X+) for 
some / G Vl-psn\GL{n). By Lemma [2. 21 we know that (Af/)++ is Fredholm. Using this fact, Pressley 
and Segal show in [22, p. 126] that dim(VF zW) ~ n. Choose an ordered orthonormal basis 

B = [wi{z),W2{z), . . . ,Wn{z)) 

for W Q zW . Let Nb{z) be the n x n matrix whose jth column is formed from the components 
of Wj e J{ (?) C" with respect to the standard basis { e i , 62 , . . . , e„ } f or the C" in the second factor. It is 
shown in |22l p. 126] that Nsiz) e U{n) for each z e S^. Thus z ^ Nsiiy^NBiz) is a well-defined 
loop in J7t/(n). We now define the map /? as 

(2.11) P : a(f]ps,„G£(n)) ^ n^.^Uin), (3{W){z) := Nsiiy^NBiz). 
We must first prove the following lemma. 

Lemma 2.3. The map (3 in \1.11\ is well-defined. 
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Proof. We first show that the image of /3, which a priori is an element of ftU{n), in fact lands in 
UpsniU{n). This follows from the construction of Nb and the fact that / is by definition piecewise 
smooth. Next note that for a different choice of ordered orthonormal basis B' = (w[, Wj, . . . w^) 
of M^ e zW, the matrix Nb' (z) would be related to Nb by Nb' (z) = ANb (z) where A e U{n) is the 
(constant) linear transformation taking the ordered basis B to B'. Therefore 

NB'iiy^NB'iz) = NBiiy^A-'ANBiz) - NBilT^NBiz). 

Hence (3 is well-defined. D 

We next prove that (3 respects the relevant group actions. 

Lemma 2.4. The map (3 in jlAli is U (n)-equivariant. 

Proof. LetM^ G a{ytpsn\GL{n)) with choice of ordered basis S — (wi(z), ^2(2), . . .u'„(z)) iorWQzW. 
Then gB{z) := [gwi{z), gw2{z), . . . , gw„(z)) is a valid ordered basis ior g -W Q z{g ■ W). Therefore 

NgB{z) — NB{z)g^^ and so 

f3{g ■ W) = gNB{0)-'NB{z)g-' = g ■ /3(W^) 
as desired. D 

We are ready to prove that ctpsm is an equivariant homeomorphism onto its image, with equivari- 
ant inverse given by the above map (3. This is an equivariant analogue of [,22, Theorem 8.3.2]. 

Theorem 2.5. 

The map apsm is an SU{n)-equivariant homeomorphism from VtpsmU{n) to its image GrLpg^^ (3<;), with 
(equivariant) inverse given by /^jcr^ (3C)- 

Proof. For/ e ilps^U{n),ti^esetB ~ {/(z)ei, ,... ,/(2;)e„} forms an orthonormal basis for W^/0zPF/. 
Writing the components of these vectors as columns of a matrix simply reproduces the matrix f{z). 
That is, NBiz) = f{z) and so /?(«(/)) = /. Now suppose W G Gr^(pj,,^-)(3C). The definition of /3 
requires that the rows of f3{W) form an orthonormal basis for W zW , which means that they form 
a generating set for M^ as a C[z]-module. Hence a(/?(M^)) = W . Since a and /3 are continuous by [22l 
page 129] and are iS'C/(n)-equivariant, it follows that apsm is an S'L'^(n)-equivariant homeomorphism 
from Q.-psn\U{n) to its image. D 

Lemma 2.6. Iff G f7ps,„SL(7i) then Wf G S'Gr^(p,,„)(3C). 

Proof If / G r^psm GL(n) then Wf = Wj where / := /? o a{f) G %smU{n). This exhibits Wf as an 
element of Gt^^i^^^A'X). If / G ripsm SL(7i) then z i-> dct(/(2;)) is the constant function 1. This has 
degree 0, so by Lemma IZ2l we conclude Ind((M/)++) = and hence Wf G S Gr^^p^^^j {%). D 

We next show that a and /? also behave well with respect to the filtrations on the spaces Vl-po\yU{n) 
and Gr^jjj(DC). We first record a simple lemma used in the proof. 

Lemma 2.7. Let p{z) be a polynomial with complex coefficients which has a nonzero constant term and 
satisfies \p{z)\ = 1 for all z G S^. Thenp{z) is a constant. 



Proof. Letm — degp. Set f{z) :— p{z)p{z^^)vjherep{w) — p{w) is the polynomial obtained by taking 
the complex conjugate of each of the coefficients in p{z). Then /(z) is analytic on the complement 
of {0}, with a pole of order m at 0. On the unit circle we have 

f{z) =p{z)p{z-'^) =p{z)p{z) = \p{z)\^ = 1. 

If two analytic functions agree on a convergent sequence then they are equal and so f{z) = 1 on 
C \ {0}. But then the singularity of /(z) at the origin is removable, which implies that to = 0. D 

Proposition 2.8. Let a and (3 be the maps defined in (|2.51 and l|2.11|l respectively. Then: 
(1) a(l7poiy,.C/(n)) C Gr^dd,rW- 
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(2) The restriction of a to ^poiy,rU{n)) is a surjection to Gt^^^^^{X). In particular, GtI^^^{X) is a 
subset o/Gr^(psjjj)(3C). Thus (3 is defined on Gr^dd,r(^) ^"^ P{ Grbdd,r(^)) C fipoiy, rf^(n). 

(3) /3(5Gr^dd.r(3C)) Cf^poly,r^C/(n). 

Proof. 

(1) Let / e Qpo\y^rU{n). Then z''("^^'/(z) is a polynomial in z and so if /i(z) e 3C+ then 
z-r{r^-i)f[z)h{z) G 3<:+. It follows that f{z)h{z) e z-'-("-i)D<:+. Thus Wf C z-'~("-i)3C+. 
Next we show z''%+ c W^/. Let /i(z) G z''X+. Then z-''/i(z) G %+. Since /(z) G ^Jpoly,rC/(?^), 
it is a Laurent polynomial with powers of z ranging between 2;~''("~i) and z*^. Hence its 
adjoint /(z)* = /(z)^^ has powers of z between z^^ and z'''""^\ In particular z'^f{z)^^ is 
polynomial (i.e. has no negative powers of z). Hence 

fiz)-\hiz))^z^fiz)-\z-^hiz)) 

lies in 3C+, which in turn implies h{z) = /(z)( /(z)^^(/i(z)) j lies in /(z)(3C+) C Wf, as 
desired. 

(2) Givenpart(l), the equality a(r2poiy,rt^(n-)) = Gr^dd.r(^)- can be verified by counting dimen- 
sions. Alternatively we can construct the preimage (under a) of a subspace W G Gr^^^ r(^) 
as follows. The usual Gram-Schmidt procedure in the finite dimensional vector space 

W/z''X c z-''X/z''X ^ C"*^ 

can be used to construct an orthonormal basis for W Q zW in which the components of all 
elements are Laurent polynomials with nonzero coefficients of z'^ only for — r(n — 1) < fc < r. 
(Note that the normalization portion of this Gram-Schmidt process requires only divisions by 
positive real numbers, not polynomials, so the resulting elements are still (Laurent) polyno- 
mials.) Now apply the construction given in the definition of /3. The resulting function will 
lieinflpoiy,rU{n). 

(3) Suppose W € S Gr^dd- By part (2), /3(VF) G nU{n) and we must show that 

det(/3(VF))(z) = 1 

for all z G S^. Let h{z) = det(/3(M^))(z). Using /i(z) G [/(n), we know /i(l) = land\h{z)\ ^ 1 
for all z G S^. Also Ind(VF) = 0, and so h{z) ~ 1. Since h{z) is a Laurent polynomial, there 
exists r such that p(z) :— z^h{z) is a polynomial with nonzero constant term. The polynomial 
p{z) satisfies \p{z)\ = 1 for all z G S^, so by Lemma [2.71 p{z) is a constant function. We can 
evaluate the constant using h{l) = 1 to deduce thatp(z) = 1. Thus h{z) = z^''' . The fact that 
h{z) ~ 1 tells us that r = 0, so h{z) = 1. 

D 

Now let 

(2-12) "poly^r := abpo,y,,-C/(n) : %o\y,rU{ll) -^ Gr^dd.rl^) 

denote the restriction of apsm to r2poiy,rf/(")- We are ready to state and prove the analogues of Theo- 
rem 12.51 for the relevant subspaces of Q,psmU{n)- The first claim of the theorem below is an analogue 
of 1221 Proposition 8.3.3(i)]. 

Theorem 2.9. 

(1) The map apoiy,r is an SU {n)-equivariant homeomorphism from Q.po\y,rU{n) to Gr^dd r i"^)- 

(2) The restriction of apsm to flpsmSU{n) is an SU{n)-equivariant homeomorphism from flpsniSU{n) 
to its image in S Gvl^^.^^iX) := {W G Gr^(p,^)(3C) | Ind(l^) = 0}. 

(3) The restriction ofapoiy,r to npoiy,rSU{n) is an SU {n)-equivariant homeomorphism from 

^po\y,rSU{n) 

toSGiUA^) ■■= {W e GtUAX) I Ind(P^) = 0}. 
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Proof. The first claim follows from Theorem l2.5l and Proposition 12.81 since the restriction of a home- 
omorphism to a subspace induces a homeomorphism onto its image. Restricting to the connected 
component of the identity in V,psn-^U{n) and ^poiy,rf^(") respectively gives the last two claims. D 

3. Description of filtration quotients as Thom spaces 

Henceforth we restrict attention to the case n = 2. In particular, we return to our main case 
G — SU{2). Our main result in the previous section. Theorem 12.91 shows that the spaces J7poiy, rG, 
which provide a natural filtration of JlpoiyG, may be (equivariantly) identified with S Gr^dd.r(^)' so 
these spaces will be the main focus of our analysis below. For simplicity we introduce the notation 

(3.1) F2r := SGtI^^,,{X). 

The main result of this brief section is a concrete geometric description of the quotients i^2r/^2r-2 
as Thom spaces of vector bundles. Here and below, 7 denotes the tautological bundle over P^ . Also 
we equip C^ with the standard hermitian metric, and let _L denote the orthogonal complement with 
respect to this metric. The following definition is useful for our description of i^2r/^2r-2- 

Definition 3.1. Let r denote the G-equivariant complex line bundle over P^ whose total space is 

{{u,v) \ueS'^ cC^we (u^)}/~ 

where the equivalence relation is given by {u, v) ~ {(u, (^v) for ( £ S^, and with projection to P^ 

given by [(u,u)] >-> [u] G P^. The G-actionis defined by 5 • [(u,w)] :— [{gu,gv)]. 

The notation r is justified by the following proposition. 

Proposition 3.2. The bundle t of Defin ition \3.1\ is G-equivariantly isomorphic to the tangent bundle ofV^. 

Proof. The tangent bundle of P^ can be identified with Hom(7, 7^), as Milnor shows in the proof of 
II2O1 Theorem 14.10]. (Although 120| discusses only the non-equivariant case, it is in fact easy to check 
that the maps defined there are G-equivariant.) Thus it suffices to show that r is G-equivariantly 
isomorphic to Hom(7, 7^). An element [(u, v)] in the total space of t uniquely specifies a linear map 
0[(ti.i))] : 7 — > 7^ by setting (j)[(u,v)] {u) = v. By linearity, 4>[(u,v)] {(u) = (v, so this is well-defined 
on equivalence classes, and it is straightforward to see this is a bijective correspondence which is 
equivariant and linear on fibers. D 

We now proceed to the main result of this section, Proposition l3.4l 

Lemma 3.3. Let r e Z with r > 0. Let W e F2r \ -F2r-2- Then there exists w eW of the form 

W = Z~^Uo + Z^^^^Ui + . . . + Z^^'^U2r-2 + z'^^^U2r-l 

with Uj G C^, uo 7^ and Uj ± uq for j > 0. Moreover, up to a nonzero complex scalar multiple, w is 
uniquely determined by W. 

Proof. That there exists such a w follows from the assumption that M^ is in F2,- but not in ^2^-2- The 
uniqueness of such w up to multiplication by a scalar multiple follows from the assumption that W is 
closed under multiplication by z and the fact that dimc(W^/z'^3C+) = 2r (which in turn follows from 
the assumption that Ind((A//)++) = 0). D 

Our main geometric proposition follows immediately from the preceding discussion. 

Proposition 3.4. Let r e Z and r > 0. The quotient space F2r/F2r-2 is G-equivariantly homeomorphic to 
Thoni(T2'-i). D 

Using Proposition 13.41 and the Thom isomorphism in equivariant iC-theory ( [31 Theorem 6.1.4] 
or tZt Theorem 3.1]) yields the following. 
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Theorem 3.5. 

^^ ' [O ifqodd. 

Considering F^r as a T-space under the natural restriction of the G-action to its maximal torus T, we also 
have 

'nLo^(r) ifq^ven- 
if q odd. 



K^T{P2r) 



Proof. In the exact sequence 

(3.2) . . . ^ K*a{F2r,F2(r-l)) ^ K*a{F2r) ^ ^^^(^2(^-1) ^ ■ ■ ■ 

associated to the pair (i^2r, ^27-2)/ the equivariant Thorn isomorphism gives 

i^a(^2.^.(.-,) ^ XS(Thom(r--)) ^ KU^^) ^ |^(G) ® ^(G) jl ^ ^^^ 

Thus the exact sequence decomposes into a collection of short exact sequences. These short exact 
sequences split since i^c(i^2(r-i)) is a free i?(G)-module by induction (where the base case for the 
induction is Fq = pt). The first statement then follows. The proof of the statement for K^ is identical. 

D 

Our final result for Kci^poiyG) is obtained by taking an inverse limit. 

Theorem 3.6. Let G = SU{2) and let T denote its maximal torus. Let fipoiyG denote the space of based 
polynomial loops in G, equipped with the pointwise conjugation action of G. The R{G)-modide (respectively 
R{T)-modide) ^^(rJpoiyG) (respectively K^{n.po\yG)) can be described as follows: 

Ku%.^yG) . 1^ i.s(^po..G) . IP ^(^) 'f; '' 7; 

^ 10 y 9 's odd] 

KUn,.,yG) . 1^ KUn,.ry^.G) . jnr^o RiT) ifq :s even, 
^ 10 y (? 2S odd. 



Proof. Since 



{JF2r'^G^poly{SU{2)) 



by Theorem 12.91 the computation of KG{^po\ySU{2)) as an i?(G)-module is obtained by taking the 
inverse limit of KQ{F2r)- More specifically, the Milnor exact sequence lED implies that i4r^(flpoiyG) 
is given by lim _ft'^(ripoiy,rG) or equivalently by lim K^{F2r). The result follows. D 

4. The G-homotopy equivalence SGt'^^^,.(OC) -^ 5Gr^(p3jj^)^(3C) 

The goal of the rest of the manuscript is to prove that the inclusion fipoiyG '-> flG is a G-homotopy 
equivalence; we do this by proving separately that the inclusion maps fipoiy G ^^ QpsmG and fipsmG ^-t- 
UG are both G-homotopy equivalences. This then reduces the computation of KQ{ftG) to that of 
KQ{npo\yG), which was recorded in Theorem l3.6l above. To this end, the goal of the present section 
is to show that the inclusion SGr'y^^^^{X) ^-^ S Gr^(pgjjj-,^(3C) is a G-equivariant homotopy equiva- 
lence for any fixed r > (Theorem 14.201 1, where S'Gr'j^^jj ^(X) is a certain subspace (similar in spirit 
to S Gr^jjj ri-^)) to be defined precisely below. This is the main technical ingredient in our proof that 
f^poiyG "^ OpsmG is a G-homotopy equivalence (Theorem l5.3| l. 

We begin with an explicit description of a map 

(4.1) 7r:5Gr^(p„„),^,(aC)^pi. 
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The map tt will play a significant role in the technical arguments below, where we show (Proposi- 
tion l4.5|l that tt is a G-homotopy equivalence between a certain subset S^ of 5* Gr^^pgjj^^ _^(3C) and P^, 
which in turn allows us to prove our main geometric result (Theorem 14. 71 . 

We will formulate the construction of tt in an entirely coordinate-free manner, in particular without 
choosing either a maximal torus of G or an ordered basis of C'^ . Suppose 

for some / G flpsmG. By the earlier discussion, {Mf)+-^- is a Fredholm operator with index 0, so we 
define 

r = r{W) := dimKer((M/)++) = dimCoker((M/)++). 

We sometimes refer to r{W) as the rank of W. 

Given a Laurent series g{z) = J^k ^kz'' with Uk G C^ we let deg{g) denote the maximum of the set 
{k \ ttk y^ 0} or cx) if there is no maximum. Thus dcg{g) G Z U {oo}. Note that if dcg{g) < then there 
is no 'Taylor part' to the Laurent series, i.e. there are no non-zero terms Ofez*^ with fc > 0. Also for any 
k E Z we denote by (z*^) (g) C^ the 2-dimensional subspace of J{ ® C^ spanned by the vectors with a 
z'^ coefficient. 

Suppose now W = Wf where r{W) — r > 0. We may think of w G M^ as a Laurent series in the 
variable z with coefficients in C^. Consider the set 

Sw -^{weW \ deg(w) = --1}. 

Observe that Sw ^ 9 since otherwise Ker((M/)++) = 0. Let V be the subspace of (z^^) C^ = C^ 
spanned by the leading coefficients of the elements of Sw 

Lemma 4.1. Let W = Wj with r{W) > 0, and lei V he as above. Then dimc(V) = 1. 

Proof. Since Sw 7^ 0/ we know dimc(T^) > 0. On the other hand, if dimc(l^) — 2 then these elements 
span (z^^) (g) C^ and then the leading coefficients of the set z'^^^Sw would span {z'^) (E) C^ for all 
k > 0, which would in turn imply Coker((M/)-|_4-) = 0. This is a contradiction since we assumed 
r ~ r(W) > 0. The conclusion follows. D 

From Lemma |4J1 for each W = Wf with r{W) > we obtain a well-defined 1-dimensional 
subspace V of C^ . Hence our concrete description of the map tt of l l4.Hl is given by 

(4.2) 7r{W) = y G P^ 

where we view the one-dimensional subspace V of C'^ as an element in P^ as usual. 

We now use the map tt to define a homomorphism Xw '■ S^ — > SU{2) associated to W. First 
consider the case r = r{W) > 0. Let w G S''^ C C^ be a representative for tt{W) = V and choose 
u G 5'^ such that u _L v. The corresponding homomorphism Xw ■ S^ — ?► SU{2) is defined by 
(^Xw{z)) (u) = z^'-^^u and (Avf(^)) («) = z~^^^^v. More concretely, when written in the u, u-basis we 
have 

f^r{W) Q 

(4-3) Xw{z) = ( Q ^-r{W) 

(Note the elements u and v are determined by W only up to multiplication by an element of S*^, but 
the resulting homomorphism Xw is independent of these choices.) In the case r{W) = we simply 
define Xw{z) = 1 to be the trivial homomorphism taking every element to the identity in SU{2). 
More detailed information about subspaces of rank r is given in the following proposition. 

Proposition 4.2. Let W = Wf with r{Wf) = r > 0. Then 

(1) We have r = — niinjfc | Wf has an element of degree fc}. 

(2) A basis for the kernel of the orthogonal projection Wf -^ %+ is given by the set 

r 2 r — 1 T 

zvhere x G Wf satisfies deg(a;) — —r. The subspace V of Lemma \4.1\ is spanned by z^^^x. 
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(3) The orthogonal projection from Wf to Avy (5C+) is an isomorphism. 

Proof. Recall that a{z) i-t- f{z)a{z) gives an isomorphism OC^ —5- Wf and in particular it gives an 
isomorphism from Ker(My)_|__|_ to the kernel K of the orthogonal projection Wf -^ X+. 
Since 

dimi^ = diniKer(Afy)++ = r > 0, 

there must exist elements in Wf having negative degree (zero Taylor part). If deg{y) — —m < then 
{y, zy, z'^y, . . . , z™^^y} are linearly independent elements of K,so m < r. Thus the set 

(4.4) min{fc | W has an element of degree k} 

is bounded below. Now let x be an element of W with degree equal to the minimum of l|4.4|l and let 
m := — deg(a;). Then < to < r. Since deg(a;) is minimum, x ^ zy for any y e W . Consider the set 

B := {x, zx, z^x, ..., z'^'^x] G K. 

We claim that B forms a basis for the kernel K. Suppose for a contradiction there exists w ^ K 
which is not in the linear span of i?. By multiplication by powers of z, we may assume without loss 
of generality that deg(7i') = —1. Using that x ^ zy for any y, we see that {z"^~^x, w} are linearly 
independent in V := (z^^), contradicting Lemma [4.11 Therefore there is no such w, and so S is a 
basis for K. In particular, 

r ~ 771 = — min{fc | W has an element of degree k}. 

This establishes the first two parts of the proposition. 

Part (2) tells us that W contains no elements of negative degree outside of the linear span of B, 
and since dimCoker((M/)-)_+) = r, it follows that the least degree of any element of Wf outside of 
the closed C[z] module generated by x is r. In other words, there exists y with deg(y) = r such that 
W = Wx.y and so orthogonal projection Wf to Aiy(3C+) is an isomorphism. D 

Proposition 4.3. Suppose W G F2,. := S'Gr^(j(j^(3C). Then r{W) < r and r{W) = r if and only if 

W ^F2r\ F2r-2- 

Proof. W e F2k \ F2k-2 for some k < r. By Lemma |331 there exists w eW such that 

W = Z^'^Uo + . . . + z''^^U2k-l- 

Set u — uq and choose v J- u . 

Let X be the element of least degree in W. By inspection of the form of W, x = z^w + cz^v for some 
c G C and some j. Hence — deg(a::) < k < r. But then by Proposition l4.2[ — deg(.-E) — r{W). D 

We also need the following notation. For A a homomorphism X : S^ ^ SU{2), we also view A as 
an element of QSU{2). We let Xx denote the subspace A(3C+). Let denote the ring of infinite series 
^(^) = X]^o o-nz" in non-negative powers of z which converge on the closed unit disk D^ in C (In 
particular, by assumption such a{z) are holomorphic on the interior of the unit disk.) By slight abuse 
of notation we sometimes view an element a{z) in as a function on the boundary S^, while at other 
times we view it as a function on D^. 

Following [22 , 1 we also introduce the following sets of matrix-valued functions. First let 

_ r/i + ^-M^-^) biz-^) 

^^ -^{y z-^c{z-^) l + z-^diz- 

be the set of 2 x 2 matrix-valued functions A{z), where the matrix entries are of the above form (and 
in particular are holomorphic on the region {||2;|| > 1}) and such that A{oo) is upper- triangular with 
I's on the diagonal. Restricting this set slightly further we also define 

N^ := {A{z) G 'N^ I A{z) is invertible for all z with ||z|| > 1} 

and, restricting still further, we set 

'1 0^ 



a(z),6(z),c(z),d(z) G 



Lr := ^ Aiz) G N- I A{oo) ~ ,q ^ 
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The definition of L^ in particular implies that elements in L^ have the form 

'l + z-ia(z-i) z-i6(z-i) 

i.e. the constant term in the upper-right corner must be equal to 0. 

Extending the notation of Section |2] slightly, for A{z) : S^ -> GL{2,C) any polynomial loop, not 
necessarily based at the identity, we denote by Ma : % ^ OC the multiplication operator defined by 

MA{h){z) := A{z) ■ h{z) and let 

Wa := Ma{%+) 

denote the closed subspace of % which is the closure of the image of %+. More concretely, if we let 
u — u{z) : S*^ — > C^ and v = v{z) : S^ ^ C"^ denote the first and second columns of A respectively, 
then Wa is the closure of the span of the elements in 3C :— 3-C ^ C^ oi the form 

{z''u{z),z''v{z) \k>0}. 

Motivated by this, given 2 vector-valued functions u{z),v{z) : 5^ — ?> C^ which are everywhere lin- 
early independent, we also denote 

Wu,v := Wa 

where the matrix A := [u v] is obtained by putting u{z) in the left column and v{z) in the right 
column. 

For any homomorphism A : 5^ — > SU{2) there exists an orthonormal basis u\,v\ of C^ with 
respect to which \{z) is diagonal with \{z) = diag(2:'', z^"^) for some r > 0. The integer r uniquely 
determined by A and for r > the basis {ux^vx] is uniquely determined up to common scalar 
multiple. 

Multiplying the matrices gives 

XL^\-^ = 

l + z^^alz^^) z^r-i^c^-n \ 

^ ' ^ ^ 1 invertible for ||z|| > 1 and «(!(;), &(u)),c(u'),(i(ii;) e 



Following Pressley and Segal, [221 8.6.3(iv)] , we now define 

(4.5) Ux:=\L^\-^Xx = {WA\A{z)e\L^} 

where here we view a 2 x 2 matrix as a linear transformation on C^ written with respect to the basis 
{wa, vx], and Wa denotes the closed subspace M^(3C+) defined above. More concretely, Ux consists 
of closed subspaces Wu^v in 3C where u = u{z), v = v{z) are of the form 

. ._(z^{l + z-^a{z-^))\ ,._( z^-^h{z-^) \ 

''y'')~\ z---^c{z-^) j' "^^^^ 1^2-'-(l + z-irf(z-i))j' 

where both u and v are written with respect to the basis ua, vx, and a(z), b{z), c(z), d{z) £ 0, and 

/l + z-ia(z-i) z2'-i6(z-i) \ 

is invertible for z with ||z|| > 1. (We will give an alternative, and more conceptual, description of Ux 
below.) 

We will also need to analyze the following subset of Ux- Namely, we define 



(4.6) Sa :- <^ Wu,v e Ux 



"(") = \ z-^-^c{z-^) ) ^"'^ "(") = [z-^{l + z-M(z-i)) j I 



In other words, if r > then Sa consists of those subspaces in Ux which can be expressed as Wu,v 
where the ux coordinate of v has no non-zero coefficients for z^^ for £ < r. Note that ii W € Sa, 
then r{W) = r since it can be seen from the definition to contain an element of degree —r but none 
of lower degree. 
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For a homomorphism \ : S^ -^ SU{2), we let | A| > denote the unique non-negative integer such 
that A(z) = diag(zl'^l, z^''^') with respect to some (orthonormal) basis. For a fixed integer r > we 
now define 

S? := U ^^' 

A|=r 

i.e. S^ is the G-orbit of Y.\. Similarly let 

U^ ■■= U f^A. 

|A|=r 

These spaces play the roles analogous to that of Sa and U\, respectively, in the arguments of Pressley- 
Segal. 

Remark 4.4. (This is a technical remark for readers intending to work explicitly with these spaces U^.) 

IfW£ U^ then r is not uniquely determined by W. Indeed, let e, / he the standard basis for £?, r = 2, 
and consider W = M^z^e.ze+z-^/- Then the only A with |A| = 2 for which W ^U\ is Ae = z~'^e, Xf = z^f, 
corresponding to the ordered orthonormal basis /, e. However we can also express this same subspace as 

that W eU^. 



W = Wze+z-^f,z-^ff which exhibits W as an element o/C/p. As we shall see later, r{W) is the least r such 



We now proceed to an analysis of the topology of U^ and Sp. We first show that E^ is G- 
homotopy equivalent to P^. We then show that U^ can be regarded as the total space of a rank 2r — 1 
complex vector bundle over Sp. In fact we are able to identify the bundle explicitly as the pullback 
jj.*^^2r-i-j^ where tt is the map to P^ defined above and t is the tangent bundle to P^. Our main geo- 
metric statement is Theorem l4.7[ which leads to the homotopy equivalence S'Gr'jjjjj^ 'H- S Gr^^pg^^^ 
of Theorem l4.20l and ultimately to the homotopy equivalence of Theorem l5.3l 

Fix r > 0. For x G P^, choose a unit vector u e C^ representing the line x, and also choose a unit 
vector u such that u, v form the left and right columns respectively of an element of SU{2). Define 
Sr{x) e S^by 

Sr{x) := W^r^^^-r^. 

This is well-defined since the subspace Wz-ru,z-^v is independent of the choices made for u and v. It 
is straightforward to check that s,. : P^ -^ S^ is G-equivariant, and also that tt o s^ = Ipi . 

Notice that L^ is contractible, with an explicit contraction given by Ht{A){z) := A{t^^z). This 
leads to the following proposition, which is the G-equivariant analogue of the fact, recorded in l22l 
Theorem 8.6.3], that Sa is contractible in the non-equivariant setting. 

Proposition 4.5. The map n : Sp -^ F^ is a G-homotopy equivalence for all r > 0, with G-homotopy 
inverse Sr- 

Proof. It is straightforward from its definition that tt is G-equivariant. The G-homotopy coming from 
Ht{A){z) :— A{t^^z) is given explicitly as follows. Given an element Wu.v G Sa for u{z), v{z) of the 
form given in | |4.6| I, we can define 

f77(l + tz-'a{tz-^))\ ( {tz-'Yb{tz-^) 

and consider the corresponding subspaces Wut,vf This evidently defines a G-equivariant deforma- 
tion retraction taking Wu,v to Sr{Tr{Wu,v)), as desired. D 

In the case r = 0, there is only one homomorphism A : 5*^ — > SU{2) with r(A) = 0. Therefore 
Sp = Ea where A is the trivial homomorphism. Thus the next statement follows from the contraction 

Ht{A){z) :— A{t^^z) of Li in the same way. 

Proposition 4.6. The space U^ — Ep is G-equivariantly contractible. 
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The next theorem is our main technical geometric result. It identifies U^ as the total space of a 
complex vector bundle over Ej? obtained by puUback via the G-homotopy equivalence n : S,^ -^ P^ 
discussed above. Recall that r denotes the tangent bundle to P^. 

Theorem 4.7. Let r > 0. Then the space U^ is G-homeomorphic to the total space of the bundle 7r*(T^''"^) 
over Yj^ . 

Proof. Following the notation from Section|3l the total space E{t'^^~^) of the bundle t^*""^ over P'^ 
can be described as 

^(r^"-!) = {{v,x) I w e 5=* c C^.T e [v^f^-^]/^ 

where {v,x) ^ {C,v,C,x) for C, ^ S^. Thus the total space of the pullback bundle 7r*(T^''^^) over S^ is 

where (u, x) ^ {C,v, Qx) for ( e S^. 

We now explicitly define a map (j) : _E(7r* (r^''^^)) -> U^ , which we later show is a G-equivariant 
homeomorphism. Let A be a homomorphism with r{\) = r and let X — \W,v,x] G iJ(7r*(T^''^^)) 

^3 



with VF e Sa ^ S^. Write a: = (aow, aiw, . . . , a2r-2u) where u L v and a-j G C. Since 7r(VF) = [v], the 



/z'" \ 
homomorphism A = \{W) is given by \{z) = ,-, _r I written in the u, v basis. Let 

e(z) = ao + aiz + . . . + a2r-2Z^'''^'^ ■ 
Since VK e Ea we can write W = Wu^v where 

for some a{w), b{z), c{w), d{w) G and where the right hand sides are written with respect to the 
ordered basis u, v. We now explicitly define 4'{X = [W, v,x]) G U^ as follows. Let P = AE where 

fl + z-^a{z-^) 5(z-i) 

^^y Z-2'^-lc(z-l) 1 + Z-ld(z-l) 

for the a, b, c, d are the elements in above and 

1 ze{z) 



"^^VO 1 

(all written in the u, v basis). Define 

(4.7) V^^iW^ Wu,.) := W^P(..„),P(.-..). 

Multiplying the matrices A and E shows that the subspace V thus defined is an element of U^. 
Next we check that the construction of 0(14^) = V given above is independent of the choices made. 
Suppose X = [W, v' , x'] and suppose u' is orthogonal to v' . Then u' = (lU, v' = C2V, and x' ~ C,2X for 
some Cii C2 G S^ ■ In the construction given above we then obtain e'(z) = Cr^C2e(z) instead of e(z). In 
turn, E is replaced by 

E' = {l C^'C2^e(z)^) ^ ^_i^^ 



^^/Ci 



where 

It is also straightforward to compute that the matrix A' which replaces A\s A' = Z^^AZ. Therefore P 
gets replaced by P' := A' E' = Z^^PZ, and we obtain y' = Wp,(^,-u').P'(z-v') = M^op(^'«),C2P(z--i')' 
which is equal to V . Hence is well-defined. 
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The fact that </> is a bijection follows from solving equations to find A and E from P as in the proof 
of l22l Equation 8.4.4]. This gives a fibrewise inverse to <j). The map cj) is also G-equivariant since by 
definition, the action oi G on % — J-C (E) C^ is via the standard action of G on the second factor. Hence 

(t){g- X) = (t){[gW,gv,gx]) = W"p(2r(g„))^p(2-r(g^)) = g ■ V, 

as desired. Finally, the topology on Uq is defined as a quotient of a subspace of B{'X), the bounded 
linear operators on %, where two operators are equivalent if they define the same subspace. A map 
from a quotient space is continuous if and only if the composition with the quotient map is contin- 
uous, and the latter is given by matrix multiplications. Thus is continuous. The same argument 
applies io (f)^^ . Hence </> is a G-equivariant homeomorphism. D 

The explicit description of U^ as a total space of a bundle in the previous theorem is a key tool 
that allows us to show our main theorem of this section (Theorem |4.20t that the inclusion of a cer- 
tain subspace S'Gr'^^j^^ (defined precisely in | |4.8t ) into <5 Gr^^p^j^^)^ is a G-homotopy equivalence. 
However, we must first analyze more closely the relation between the spaces U^ and the spaces 
^ ^^a(psm).ri'^) discusscd in previous sections. This requires a new description of the spaces U\ and 
Yi\, which we will initially denote as Ux and S^. (In Proposition 14.131 and Corollary 14.151 we show 
that in fact the two descriptions yield the same spaces.) Specifically, define 

Ux := {W ^ S Gr^(pgj„-, {%) \ the orthogonal projection from W to %x is an isomorphism}, 

Ur '■— ^\x\=rUx, 

tx := {W eUx\ r{W) = |A|}, and 

^r '■— U|A|=rSA 

corresponding to the spaces Pressley-Segal denote as Us and Sg in [22, pages 103 and 107]. 

Before proceeding we sketch the overall plan of the remainder of the (rather technical) argu- 
ment leading to Theorem 14.201 First we prove that S^ = S^ and U^ ~ U^. We then use the 
new descriptions of the spaces Ej? and U^ to show that U^ n 5Gr^(pg,j^)^_;^(3C) ~ U^ \ E^ and 
that U^ U S'Gr^(pgjjj) .^_i(3C) = S'Gr^(pg„j)(3C). We also explicitly identify U^ \ E^ with the com- 
plement of the zero cross-section of tt*{t'^'^~^). Then, repeating the arguments thus far for the in- 
tersections of the relevant spaces with the subspaces S Gt^^^{'K) of bounded weight, we obtain a 
description of U^ n S Gt^^^{X) as the total space of the pullback of r^'-i to E.^ n S Gt^^^{X), with 
{U^ n S Gr^(pgj„-,^_;^(3C)) n S Gt^^^{X) as the complement of the zero cross section. Finally, we use 
G-homotopy equivalences on the total spaces and complements of the zero cross-sections of the bun- 
dles (induced by a G-homotopy equivalence E^ n S Gr^^(j(!}C) — > E^ of the base spaces) as part of an 
induction argument to show that 

'5'Gr |3dd,r ■= SGi^^^{X) n 5Gr^(pgjjj-| ,,(3C) ^^ S Gr^(^p^^),.{X) 

is a homotopy equivalence for each r. 

With this broad outline in place, we proceed to the details of the argument. 

Lemma 4.8. Let Ux and Ux he as defined above. Then Ux C Ux- 

Proof. Let W — Wu,v Orthogonal projection takes u{z) to z'^ux because it sends to the multiples of 
the first basis element ux by z'' for fc < r. It takes v{z) to z^'^vx since it sends to the multiples of the 
second basis element vx by z'' for k < —r. Since both the domain and range of the projection is a free 
rank 2 module over C[z] and we have just shown that the map takes generators to generators, it is an 
isomorphism. D 

Lemma 4.9. IfW e U^ then r{W) < r. 

Proof. Suppose W G U^. Then W e Ux for some A with \\\ — r.li x eW with deg(a;) < —r, then the 
orthogonal projection from W to Xx takes x to 0, which is impossible since this projection is required 
to be an isomorphism. Thus W has no elements of degree < — r and hence r{W) < r as desired. D 
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Lemma 4.10. IfW € S^ then r(W) = r. In -particular, S^ c S^. 

Proof. Suppose W e S^. By inspection, W contains an element of degree — r (namely, the v{z) from 
the definition), so r{W) > r. But W e T.^ (Z U^ C U^, so r{W) < r. Thus W^ G S^ implies 

r(W) = r. D 

We also include two technical lemmas about holomorphic functions to be used in the proof of the 
proposition below. 

Lemma 4.11. Let h{z) : S^ ^ C be piecewise smooth. Suppose that the coefficient of z^ in the Fourier 
expansion ofh is zero for fc < 0. Then /i e 0. 

Proof. Let X)fcLo '^^z'' be the Fourier expansion of h{z), where c^ G C. Since h is piecewise smooth, 
the Fourier expansion of h{z) converges to h{z). Since the series J^'kLo '^^z'^ converges for all z with 
\z\ = 1, its radius of convergence is greater than 1 so it defines a holomorphic function on the unit 
disk whose boundary value is h{z). D 

Lemma 4.12. Let h{z) be holomorphic on a domain containing D"^. Suppose that the restriction ofh{z) to S^ 
is never and that /ij^i : S"^ — > C \ {0} is null homotopic. Then h{z) has no zeros in D"^. 

Proof. Consider the curve 7(2) := h{S^) c C. By hypothesis, 7 is null homotopic. According to the 
Argument Principle 

f h'(z) f 1 

# of zeros of h(z) on D'^ = / — -— dz — / — dw = winding # of 7 about the origin = 0. 

J51 h[z) J^ w 

Hence the origin is not in h{D^). D 

We are now in a position to prove the equivalence of our two definitions of Ej?, corresponding 
to |22l Prop.8.4.1]. 

Proposition 4.13. Let S^ and Ej? be as defined above. Then Ej? = S^. 

Proof. The containment S^ c S^ is the content of Lemma [4.101 For the other containment, suppose 
W G E^. Then VF G Ea for some A with |A| = r. Let x{z) G W have degree — r. Then 

x{z) = z^'^b{z^ )ux + z~^e{z'' )v\ 

for b{w), e{w) G 0. The orthogonal projection W — > OCx (which is an isomorphism since Ea C U\) 
takes x{z) to cqVx, where cq is the constant term of e{z^^). Hence eg ^ 0. Set v{z) :— x{z)/eo and 
let u{z) be the inverse image of z'^u\ under the projection W -^ 0C\. Since the orthogonal projection 
is an isomorphism, it follows that W = Wu.v and this exhibits W as an element of Ea as in (|4.6l l, 
provided the holomorphicity and invertibility conditions are satisfied. Applying Lemma 14.111 to 
the components of z^'''u{z^^) and z'^v{z^^) shows that they are boundary values of holomorphic 
functions on \z\ > 1. To see invertibility, let A{z) G GL(2) be the matrix whose columns are formed 
from z^^u{z) and z^v{z) and let d{z) ~ det A{z). According to Lemma IZ2l the homotopy class of the 
function z — > d{z) is 

-2Ind(W^/) =0G7ri(C\{0}^Z. 
Applying Lemma l4.12l to d{z^^) shows that d{z^^) is never zero on \z\ > 1. Thus Vt^ G Ea C E^. D 

Corollary 4.14. The spaces {E^}/orm a stratification of S Gr^(pg,„) {%) and W G E^ if and only if the rank 
of W is r. 

Proof. Suppose VF G S'Gr^(p,„^)(3<:). By Proposition lU part (3), we know that W^ G {7a„,. On the 
other hand, by definition of the homomorphism \w (see | |4.3l l) we know \\w\ = f'{W), so by defini- 
tion of E^ we conclude W G E^. By Proposition |4.13| this implies W G Y,^,-^y^. Since each element W 
of S Gr^(pg,jj) {%) has a unique rank we conclude the ES^;j^> form a stratification of S Gr^^p^jj^^ {%), i.e. 



S Gr^(psj,j) {%) [ I E^ 
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n 

We also get as a consequence the equivalence of the two definitions of U^. 

Corollary 4.15. Let U^ and U^ he as defined above. Then U^ — U^. 

Proof. The assertion that U^ c IJ^ is the content of Lemma 14.81 Conversely, suppose W £ Ux 
with |A| — r. The orthogonal projection W -^ "Kx is an isomorphism, and therefore there exist 
unique u(z),v{z) G W projecting to z'^ux and z^^'vx respectively. Regarding W as an element of 
^?(W) ~ ^?(W) shows, as in the proof of Proposition |4.131 that z^''u{z~^) and z''v{z^^) are boundary 
values of holomorphic functions on a domain containing | z | > 1 and that the matrix whose columns 
are formed from these functions is invertible in \z\ > 1. Thus the functions u{z), v{z) exhibit W as an 
element oiU^. D 

With the aid of our alternate descriptions of U^ and E^, we can now relate S Gr^^p^^^) {%) to our 
bundle description of U^. 

Proposition 4.16. Under the G-equivariant identification : i?(7r*(T^'"^^)) -> U^ , the intersection 

Ur l~l S'Gr^^pgjjj-i ,._;^(3C) 

is identified with the complement of the zero cross-section of7r*{T^^^^). 

Proof. Note that the inclusion E^ c U^ corresponds, under the identification cj), with the inclusion 
of the zero cross-section into the total space. Suppose W G U^ fl S Gr^^pg^^ ,,_2(3C). Since r{W) < r, 
Lemma [4.101 implies that W ^ E^. That is, W lies in the complement of the zero cross-section 
of 7r*(T^''^^). Conversely, iiW e U^ is not in E^, by Lemma |4.10| its rank cannot be r and therefore 

itliesinC/Gn5Gr^(p,„,),,,_i(3C). D 

We also record the following, which again makes use of our alternate descriptions of U^ and E^. 
Proposition 4.17. We have S Gr^(p3^)^,(3C) = U^ U S Grl^^^,^^^,_^{%). 

Proof Suppose W e C/f . By Lemmas lilSl and 1491 r{W) < r so W^ G 5'Gr^(p,„)^(3<:). Therefore 
C/,^ C 5Gr^(p3„)^,(3C),while 5Gr^(p3^)^,_i(3C) c 5Gr^(p3^),,(3C) is trivial 

Conversely, suppose W G 5Gr^|.pg„j) ,,(D<:). If r{W) < r then W G S'Gr^(ps,,^) ,,_i(3<:) while if 
r{W) = r then VF G E^ C U^. ' D 

We now define the subset S'Gr'^^j^ ^(DC) referred to above, which is an important ingredient in our 
main theorem, as well as the bounded versions of the spaces U^ and Ejf . 

'S'Gr bdd,r(^) ■= 'S'Grbdd(3^) ^ 'S'Gr^(pj,^)^^(3C) 
(4.8) uZ^A^):=SGii^^{X)nU^ 

^bdd.r(^) -^ '5'Grbdd(3<^) ri E^ 
Proposition 4.18. We have S Gr^dd,r(3<:) C SGt'1^^^^{X) and [j^ S Gr^dd,r(3C) = Ur SGr'l^^JX). 

Proof The inclusion 5 Gr^dd,r(^) ^ SGt'1^^.^{X) is a restatement of the fact that W £ S Gr^dd,r(3<^) 
implies, according to Proposition [431 that r{W) < r. The containment 

U5Gr^dd,.WcU^Gr'bdd,,.W 

r r 

follows. Conversely it is immediate from the definition that 

[jSGT'U,rm C -^Gr^ddW -.^[jSGrUA^)- 

r r 

D 
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The bounded weight versions of the earlier results are recorded in Proposition 14.191 Since the 
arguments are the same as those given above (restricted to the appropriate subspaces), we omit the 
proofs. 

Proposition 4.19. Let G = SU{2). Then: 

(1) The map -k : Sb^j ^ — s> P^ is a G-homotopy equivalence for allr > with homotopy inverse Sr- 

(2) The space C/^d,o = ^bdd.o '^ G-equivariantly contractiUe. 

(3) For r > 0, f/^dd r ^^ G-homeomorphic to the total space of the bundle 7r*(T^''^^) over Sf^^^ ^ (where 
n refers here to the restriction ofn to Sf^d^ ,.)■ 

(4) Under the G-equivariant identification : E(t:*{t'^^~^)) -^ U^, the intersection 

^bdd,r ^ '5'Gr bdd,r-l(^) 

is identified with the complement of the zero cross-section ofn* (r^'"^^) over Sf^dd r- 

(5) The space SGr'l^a^,{X) is the union L/^^ ^^ U SGt'1^^^,_^{X). 

We are now in a position to prove the main theorem of this section, Theorem l4.20l The basic idea 
is to make use of our homotopy equivalence S^^j^ r — ^? '-'^ ^^^ base of our bundles to inductively 
show, applying a Mayer- Vietoris style argument, that S'Gr'i^j^ ,. —5- S'Gr^^pgjj^^^ is a G-homotopy 
equivalence. 

Theorem 4.20. The inclusion SGi'^^^,. — > S Gr^^p^jj^^ ,, is a G-homotopy equivalence for all r. 

Proof. In general, if a topological G-space X is a union U U V, another G-space X' is also a union 
U' UV, and / : X — )► X' is a map of G-spaces, assuming all of the inclusion maps are cofibrations, 
then / is a G-homotopy-equivalence if it induces G-homotopy-equivalences U -> U', V ^>- V and 
[/ n F -^ [/' n 1/'. (See e.g. [24", Thm.7.1.8] for the non-equivariant version. Although |24J does not 
say so explicitly, all the maps constructed and used there are G-equivariant.) Thus our assertion 
follows by induction from the comparison of Pr op . WX7\ with part (5) of Proposition 14. 191 using the 
fact that the the inclusion of the base space of a G-bundle into the associated total space is always a 
G-homotopy equivalence. D 

5. Proof of the main theorem 

We are ready to prove the main result, Theorem ll.il We do this by first showing that for G = SU{2) 
the natural inclusion flpoiyG — > ilG is an G-homotopy equivalence. This reduces the computation to 
that of A'^(r2poiyG) and K^{ilpo\yG), which was recorded in Theorem l3.6l 

Our approach to the proof that ilpoiyG c^g" ^G is similar to that in lil2J , so we keep the explanation 
brief. We use G-equivariant versions of arguments given by Milnor in lT9l Appendix A] to derive 
general conditions under which a map is an equivariant homotopy equivalence (it turns out to de- 
pend on the map restricting to equivariant homotopy equivalences on a sequence of subspaces, the 
union of which is the whole space). As is already pointed out in [12J, although Milnor does not make 
explicit remarks concerning group actions, all the maps constructed and used in Milnor 's proofs are 
equivariant. 

Let Hhea compact Lie group. Suppose Zq c Zi c ... C Zn c ... is an infinite sequence of spaces 
with iZ-action. Assume the inclusions Zi ^^ ^i+i are i?-equivariant and let Z = IJi^o ^' ^^ their 
union. The infinite mapping telescope of Z (cf. LISJ) is by definition the space 

Tz := Zo X [0, 1] U Zi X [1, 2] U . . . U Zj X [i, i + 1] U . . . 

(^■1) CZxR. 

The i^-action onZxM. given hy g-{z,t) = {gz, t) induces a _ff -action on the infinite mapping telescope. 

Proposition 5.1. Let Zi, Z, and Tz be as above. Assume that Z is paracompact. If for all x £ Z there 
exists i such that x lies in the interior of Zi, then the natural projection map tti : T^ — > Z is an H-homotopy 
equivalence. 
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Proof. Since the group H is compact, we may use an iJ-invariant partition of unity to construct a 
map / : Z ^ [0, cxo) such that f{x) > i + 1 for x ^ Z-i. Then g(x) :— (x, /(a;)) is an i/-equivariant 

homeomorphism from Z to giZ) C Tz, and the inclusion j : g{Z) c «. Tz is an i/-equivariant 

deformation retraction and satisfies tti o j o g = 1^. Therefore tti is an i/-equivariant homotopy 
equivalence, as desired. D 

Theorem 5.2. Let Z = IJ^g Zi and let U — IJi^o ^«- Assume that Z and U are paracompact. Let f : Z ^- U 
be a continuous H-equivariant map such that for each n, f{Zi) c Ui and the restriction f^ :— f\ : Zi ^ Ui 
is an H-homotopy equivalence. Then f is an H-homotopy equivalence. 

Proof. See fig] Appendix A]. All the maps in the cited reference are equivariant. D 

The preceding discussion, together with Theorem 14.201 and the fact that 

r r 

yields the following result. 

Theorem 5.3. The inclusion S'Grbdd(3C) -^ S'Grpsm(3C) is a G-homotopy equivalence. Equivalently, 

flpoiySU{2) — > QpsniSU{2) is a G-homotopy equivalence. 

We also quote the following from p2|. 

Theorem 5.4. 

Let n e Z with n > 0,. The natural inclusion n.psmU{n) c — >- ^U{n) is an SU (n)-equivariant homotopy 
equivalence. 

Proof. The proof is again an application of Theorem l5.2i and is given in detail in fT2l . D 

Using Theorem 13.61 together with Theorems 15.31 and 15.41 1 we can now describe the i?(G')-module 
and i?(T)-module structure of K^{nG) and iC* (fiG). 

Theorem 5.5. Let G — SU{2) and let T denote its maximal torus. Let flG denote the space of based loops 
in G, equipped with the pointwise conjugation action of G. The R(G)-module (respectively R{T)-module) 
Kq{QG) (respectively K^{QG)) can be described as follows: 



K^inG) ^ KliVlp^iyG) ^ lim i^^(fipoiy,rG) ^ 
Kl^inG) ^ K^i^poiyG) ^ lim Kl,{npoiy,rG) ^ 



i n^o ^(G*) ifl is even, 

lO if q is odd; 

n^o -^(^) '/<? is even, 

if q is odd. 



Remark 5.6. Note that our inverse limit becomes a direct product rather than a direct sum. The result, 
although a limit of free R{G)-modules, is not itself a free R{G)-module. (Recall from [5] that H^o ^ '^ ""^ ^ 
free abelian group.) 

Finally, we point out that our explicit computation implies in particular that, in this case, the W- 
invariants of K^{nG) is precisely K^{nG). (As we noted in the Introduction, this is not true of all 
G-spaces, cf. for instance [11. Example 4.8].) 



Corollary 5.7. K^{nG) = K^VlG) 



w 



Proof. Since R{G) = R{T)^ , this follows immmediately from the right hand sides of the equalities 
given in Theorem l5.5l D 
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